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Abstract 

We prove tiiat the existence of an automorphism of finite order on a Q- 
variety X implies the existence of algebraic linear relations between the log- 
arithm of certain periods of X and the logarithm of special values of the F- 
function. This implies that a slight variation of results by Anderson, Colmez 
and Gross on the periods of CM abelian varieties is valid for a larger class of 
CM motives. In particular, we prove a weak form of the period conjecture of 
Gross-Deligne [ pd] , p. 205]Q. Our proof relies on the arithmetic fixed point 
formula (equivariant arithmetic Riemann-Roch theorem) proved by K. Kohler 
and the second author in and the vanishing of the equivariant analytic 
torsion for the Dolbeault complex. 

1 Introduction 

Let be a (liomological Grotliendieck) motive defined over Qq, where Qq is an 
algebraic extension of Q embedded in C. We shall use the properties of the category 
of motives over a field which are listed at the beginning of |^ . The complex singular 
cohomology H{A4,C) of the manifold of complex points of M is then endowed 
with two natural Qg-structures. The first one is induced by the standard Betti 
Q-structure H{M,Q) via the identifications H{M,Qo) = H{M,Q) ®q Qq and 
H{A4, C) = H{M,Qo) (8)Qo C and will be referred to as the Betti (or singular) Qq- 
structure on H{A4,C). The second one arises from the comparison isomorphism 
between H{A4, C) and the de Rham-Dolbeault cohomology of A4 (tensorized with 
C over Qo) and will be referred to as the de Rham Qo-structure. If is a smooth 
variety f : Y ^ SpecQo, its de Rham-Dolbeault cohomology is by definition the 
Qo-vector space i?Dib(^) := ®fc^o (Bp+q=k R'^ f*{^^{^{f))) which is endowed with 
a natural N as well as N x N grading. 

Let (5 be a finite (algebraic) extension of Q and suppose that all the embeddings of 
Q into C factor through Qo- Furthermore let us suppose that M is endowed with a 
Q-motive structure (over Qo)- A Q- motive is also called a motive with coefficients 
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'^This should not be confused with the conjecture by Deligne relating periods and values of 
L-functions. 



in Q (see g, Par. 2]). The Q-motive structure of A4 induces an inner direct sum of 
complex vector spaces 



H{M,C) 



H{M,C), 



creHom(Q,C) 



which respects both Qo-structures. The notation H{A4,C)cy refers to the complex 
vector subspace of H{J^,C) where Q acts via a G Hom((5, C). The determinant 
detc{H{M,C)^) thus has two Qo-structures. Let t^sing (resp. Vdn) be a non- 
vanishing element of detc{H{A4, C)a-) defined over Qq for the singular (resp. for the 
de Rham) Qg-structure. We write Pc^{A4) for the (uniquely defined and independant 
of the choices made) image in C^/Qq of the complex number A such that — 



Let X be an odd simple Artin character of Q and let us suppose at this point that 
tVJ is homogenous of weight k. Consider the following conjecture: 

Conjecture A(A^,x). The equality of complex numbers 



This conjecture is a slight strengthening of the case n — 1, Y = SpecQo of the 
conjecture Conj. 3.1]. Notice that this conjecture has both a "motivic" and an 
"arithmetic" content. More precisely, if the Hodge conjecture holds and Qq = Q, this 
conjecture can be reduced to the case where is a submotive of an abelian variety 
with complex multiplication by Q. Indeed, assuming the Hodge conjecture, one can 
show by examining its associated Hodge structures that some exterior power of M 
(taken over Q) is isomorphic to a motive over Q lying in the tannakian category 
generated by abelian varieties with maximal complex multiplication by Q. In this 
latter case, the conjecture A is contained in a conjecture of Colmez 0|. Performing 
this reduction to CM abelian varieties or circumventing it is the "motivic" aspect 
of the conjecture. 

However, even in the case of CM abelian varieties, the conjecture seems far from 
proof: in the knowledge of the authors, only the case of Dirichlet characters has 
been tackled with up to now; obtaining a proof of the conjecture A for non-ahelian 
Artin characters (i.e. for abelian varieties with complex multiplication by a field 
whose Galois group over Q is non-abelian) is the "arithmetic" aspect alluded above. 
In this text we shall be concerned with both aspects, but our original contribution 
concerns the "motivic" aspect, more precisely in finding a way to circumvent the 
Hodge conjecture. 

We now state a weaker form of the conjecture A. Let x be a simple odd Artin 
character of Q as before, and A'' be a subring of Q. Let M.o be a motive over 
(not necessarily homogenous) and suppose that Mq is endowed with a Q-motive 
structure (over Qq). Let Alg {k ^ 0) be the motive corresponding to the A:-th 
cohomology group of A^o- 



smg ■ 



^ \og\P,{M)\\{a) 



c76Hom(Q,C) 




is verified, up to addition of a term of the form X]creHom(g c) -^'-'S 1'^<t|x('''); where 
aa e Qq ■ 
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Conjecture S{Ai.o,^,x)- "^he equality of complex numbers 



k^O o-eHom(Q,C) 




fe^O ' CTeHom(Q,C) p+g=fe 



^ 5^ p.rk(/f^'"^(A1,C).)x(c7) 



is verified, up to addition of a term of the form Z]o-eHom(Q,c) J2i{Kc log l"»,o-|)x(o-), 
where ai^a G Qo ^ ^i,'^ ^ ^'^^ ^ '^'^^ ^^^'^ ^nite set of indices. 

Note that the conjecture A (resp. B) only depends on the vector space H{M, C) 
(rcsp. i7(A4o.C)), together with its Hodge structure (over Q), its dc Rham Qq- 
structure and its additional Q-structure. If ^ is a Q-vector space together with 
the just described structures on V (8)q C (all of them satisfying the obvious com- 
patibility relations), we shall accordingly write A(y, x) (rcsp. B(V, A^, x)) for the 
corresponding statement, even if V possibly does not arise from a motive. 
In this article we shall prove the conjecture B (and to a lesser extent, part of the 
conjecture A) for a large class of motives, which includes abclian varieties with 
complex multiplication by an abelian extension of Q, without assuming the Hodge 
conjecture (or any other conjecture about motives) to reduce the problem to abelian 
varieties. Let us add that even in the case of abelian varieties, our method of proof 
is completly different from the existing ones. 

A consequence of our results is that on any Q- variety X, the existence of a finite 

group action implies the existence of non-trivial algebraic linear relations between 
the logarithm of the periods of the eigendifferentials of X (for the action of the 
group) and the logarithm of special values of the F-function (recall that they are 
related to the logarithmic derivatives of Dirichlct L-functions at via the Hurwitz 
formula). More precisely, our results are the following: 

Let X be a smooth and projective variety together with an automorphism g : X ^ 
X of order n, everything being defined over a number field Qo- Let us denote by 
/U„(C) (resp. /z„(C)^) the group of n-th roots of unity (resp. the set of primitive 
n-th roots of unity) in C. Suppose that Qo is chosen large enough so that it contains 
Q(/i„); and let Pn{T) G Q[T] be the polynomial 



The submotive X{g) = X{X,g) cut out in X by the projector Pn{g) is endowed by 
construction with a natural Q := Q(/U„)-motive structure. 

Theorem 1. For all the odd primitive Dirichlet characters x of Q(/in); the con- 
jecture B{X{g),Q{ij,n),x) holds. 

Let now Q be a finite abclian extension of Q with conductor /g and let A4q he 
the motive associated to an abelian variety defined over Qo with (not necessarily 
maximal) complex multiplication by Oq. We suppose that the action of Oq is 
defined over Qo and that Q(/U/q) C Qq. 

Theorem 2. For all the odd Dirichlet characters x ofQ, the assertion B(A^o> Q(M/q )> x) 



As a consequence of the existence of the Picard variety and of theorems 1 and 2, 
we get: 




Ce/x„(C)x CeMn(C)\{C} 




holds. 
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Corollary. Let the hypothesies of Theorem 1 hold and suppose also that X is a 
surface. For all the odd primitive Dirichlet characters x o/Q(/^n), the conjecture 
B(if2(^(X,g)),Q(^„),x) holds. 

Our method of proof relies heavily on the arithmetic fixed point formula (equivariant 
arithmetic Riemann-Roch theorem) proved by K. Kohler and the second author 
in p3| . More precisely we write down the fixed point formula as applied to the 
Dolbeault complex of a variety equipped with the action of a finite group. This 
yields a formula for some linear combinations of logarithms of periods of the variety 
in terms of derivatives of (partial) Lerch C- functions. Using the Hurwitz formula 
and some combinatorics, we can translate this into Theorems 1 and 2. In general 
the fixed point formula of |]l3| , like the arithmetic Riemann-Roch theorem, contains 
an anomaly term, given by the equivariant Ray-Singer analytic torsion, which has 
proved to be difficult to compute explicitly. In the case of the Dolbeault complex, 
this anomaly term vanishes for simple symmetry reasons. It is this fact that permits 
us to conclude. 

When Qo = Q, Q is an abelian extension of Q and M.o is an abelian variety 
with maximal complex multiplication by Q, the assertion A(A1J,x) was proved by 
Anderson in Q, whereas the statement A(7Wq, %) had already been proven by Gross 
jTl| , Th. 3, Par. 3, p. 204] in the case where Q is an imaginary quadratic extension of 
Q, Qo = Q and A^o is an abelian variety with (not necessarily maximal) complex 
multiplication by Q. One could probably derive Theorem 2 from the results of 
Anderson, using the result of Deligne on absolute Hodge cycles on abelian varieties 
01 (proved after the theorem of Gross and inspired by it), which can be used as 
a substitute of the Hodge conjecture in this context. In the case where AAq is an 
abelian variety with maximal complex multiplication and Q is an abelian extension 
of Q, Colmcz Q proves a much more precise version of A(A^J,x). He uses the 
Neron model of the abelian variety to normalise the periods so as to eliminate all 
the indeterminacy and proves an equation similar to Theorem 2 for those periods. 
A slightly weaker form of his result (but still much more precise than Theorem 
2) can also be obtained from the arithmetic fixed point formula, when applied to 



the Neron models. This is carried out in |14 . Finally, let us mention that when 
A^o is the motive of a CM elliptic curve, Theorem 2 is just a weak form of the 
Chowla-Selberg formula j^. For a historical introduction to those results, see 
p. 123-125]. 

In the last section of the paper, we compare the conjecture A with the period conjec- 
ture of Gross-Deligne [|ll]. Sec. 4, p. 205]. This conjecture is a translation into the 
language of Hodge structures of a special case of conjecture A, with Q an abelian 
extension of Q. For example, we show the following: Theorem 1 implies that if 
S' is a surface defined over Q and if S is endowed with an action of an automor- 
phism g of finite prime order p, then the natural embedding of the Hodge structure 

detQ(^^)(ij2(A'(S',5),Q)) into iJ(x^"°'^*''''' ^ *'^'^'^^'"^^S', Q) satisfies a weak form 
of the period conjecture. Notice that all the cases of the period conjecture which 
have been verified in the litterature correspond to motives cut out in varieties with 
a prescribed geometric structure giving rise to (coarse) moduli spaces (abelian va- 
rieties, Fermat hypersurfaces, Kuga-Sato varieties . . . ) whereas this result does not 
specify a geometric structure on S. 

In the light of the application of the arithmetic fixed point formula to the conjectures 
A and B, it would be interesting to investigate whether this formula is related to 
the construction of the cycles whose existence (postulated by the Hodge conjecture) 
would be necessary to reduce the conjecture A to abelian varieties. 

Acknowledgments. It is a pleasure to thank Y. Andre, P. Colmez, P. Deligne and 
C. Soule for suggestions and interesting discussions. 
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2 Preliminaries 



2.1 Invariance properties of the conjectures 

Let Qq and Q be number fields taken as in the Introduction, and let H he a, 
(homogenous) Hodge structure (over Q). The C-vector space He ■= Hq ®q C 
comes with a natural Qo-structure given by Hq ®q Qq. Suppose that He is 
endowed with another Qo-structure. The first of these two Qo-structures will 
be referred to as the Betti (or singular) one, and the second as the de Rham 
Qo-structure on He- Suppose furthermore that He is endowed with an addi- 
tional Q-vector space structure compatible with both the Hodge structure and 
the (Betti and de Rham) Qo-structures. This Q-structure induces an inner direct 
sum of C-vector spaces He := ®crGHom(Q,c)-ffo-- Let V := ©o-eHom(Q,c) dctc(-ffo-) 
and let m := dimQ{H). There is an embedding l : V ^ (8>^ii?c given by 
t(©<jWi A • • • Aw^j) := J2a Alt(wJ' ® • • • (gjw^). Recall that Alt is the alternation map, 
described by the formula Alt(a:i (g) • • • iS)Xm) ■= Sii-eS™ sign(7r)7r(a:i (g) • • ■ (ga;™); 
here is the permutation group on m elements and tt acts on (g)^^i?c by per- 
mutation of the factors. 

Lemma 2.1. The space V inherits the Hodge structure as well as the Betti and de 
Rham Qo-structures of ®^^iHc via the map l. 

Proof: The bigrading of He is described by the weight of H and by an action 
V : Endc(-ffc) of the complex torus C^, which commutes with complex 

conjugation. The bigrading of ®^^iHe is described by the weight m • weight(_ff ) 
and the tensor product action ti®™ : Endc(<8'feLi^c)- On the other hand we 

can describe a bigrading on each dete{Hcr) by the weight m ■ weight (iJ) and by the 
exterior product action. The map l commutes with both actions by construction. 
To prove that V inherits the Hodge Q-structure, consider that there is an action by 
Q- vector space automorphisms of Aut(C) on ®^ii?c given by a{{hi (g) zi) (g) ■ • ■ (g) 
(hm'SiZm)) ■= {hi IS) a{zi)) (S) ■ ■ ■ fS) {hm a{zm)) ■ An element t of (g^j-ffc is defined 
over Q (for the Hodge Q-structure) if and only if a(t) = t for all a G Aut(C). 
For each a S Hom(Q, C), let . . . , be a a basis of H„, which is defined over 
(j{Q) and such that a{bf) = 6^^°^^ for all a S Aut(C). This can be achieved by 
taking the conjugates under the action of Aut(C) of a given basis. Now choose a 
basis Ci, . . . , CdQ of Q over Q and let := a{ci)bi A ■ • ■ A b'^^. By construction, 
the elements t(ei), . . . , /.(edg) are invariant under Aut(C) and they are linearly 
independent over C, because the determinant of the transformation matrix from 
the basis {b^ A • ■ • A to the basis formed by the is the discriminant of the 

basis a over Q. They thus define over V a Q-structure Vq which is compatible 
with the Hodge Q-structure of (gfeLi^c The Betti Qo-structure on V is then just 
taken to be Vq g)Q Qq. 

To show that V inherits the de Rham Qo-structure of (^"^LiHc, just notice that 
for each a G Hom((5, C), the space H^ as a basis a^, . . . , defined over the de 
Rham Qo-structure of He- The elements A • • • A aj^ form a basis of V and 
L{ai A • • • A a^J is by construction defined over Qq. □ 

In view of the last lemma the complex vector space V arises from a (homogenous) 
Hodge structure over Q that we shall denote by detQ(iJ). The embedding l arises 
from an embedding of Hodge structures detQ(iJ) ^ ®k'=i^ detQ(i/) inherits 
a Betti and a de Rham Qo-structure from this embedding. If Hq — (BwezHw is a 
direct sum of homogenous Hodge structures (graded by the weight), each of them 
satisfying the hypotheses of lemma we extend the previous definition to Hq by 
letting detqiHo) := ©^gz detQ(i?„). 

Proposition 2.2. The assertion A{A4,x) (resp. B(7Wo,Af, x)J is equivalent to the 
assertion A{detQ{H{M,Q)),x) (resp. B(detQ(iJ(7Wo, Q)), iV, x);. 
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Proof: We examine both sides of the equality in the assertion A(iJ(A^, Q), x), 
when H{M, Q) is replaced by detQ{H{M,Q)). From the definition of detQ{H{M,Q)), 
we see that the lefthand side is unchanged. As to the righthand side, it is sufficient 
to show that 

^ p.rk(i/r)= E P-rk(detc(i?.f'''), 

p+q=k p+q=r-k 

where r :— rk{Hcr), k is the weight of Ai and H iJ(A^,Q). To prove it, we let 
vi, . . . ,Vr he a, basis of , which is homogenous for the grading. The last equality 
can then be rewritten as 

r 

'^Pnivj) = Pnivi A • • • A 

(where pn stands for the Hodge p-type) which holds from the definitions. The proof 
of the second equivalence runs along the same lines. □ 

Let Ai, Ai' be two Q-motives (over Qo)- We recall that the tensor product with 
coefficients in Q oi A4 and M' , written Ai <E)q Ai', is the the largest direct factor 
of the motive A^' on which the left and the right action of Q on (g) A^' 
coincides (see ||^, Par. 2, p. 320]). If is a finite extension of Q and x is a character 
of Q, recall that IndQ(x) is the character on E (the induced character) defined by 
the formula IndQ(x)(cr£;) := x{<^e\q)- 

Proposition 2.3. Let E be a finite extension of Q, such that all the embeddings 
of E are contained in Qg. The statement A{Ai (8)q -E, IndQ(x)) (resp. B(A1o 
E,N,lndQ{x))) holds if and only if k{M,x) (resp. ^{Mo,N,x)) holds. 

Proof: Let r be the dimension of E over Q. The choice of a basis xi, . . . , x,. of 
as a Q-vector space induces an isomorphism of Q-motives M ®q E ~ ®j=iA4 and 
thus an isomorphism of C-vcctor spaces 

r 

^H{A4,C)c^H{{M ®Q £;),C) 

which respects the Hodge structure and both Qo-structures. Under this isomor- 
phism, we also have a decomposition 

r 

0i7(A^,C).,, H{{A4^qE),C)., 

where ctq G Hom((3, C) and the E Hom(i?, C) restrict to erg. This decomposi- 
tion again respects the Hodge structure and both Qo-structures. We now compute 
the lefthand side of the equality predicted by A{A4e ■= Ai ®q E, IndQ(x)) 

J2iog\P,AME)\'lnd^{x){cTE) 

= Ex(^q) E ^og\P.,iME)\^ 

r 

= E ^(^q) E log (A^)P - r . E log \P<^c, (-M)!' x{oq) 
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As for the righthand side, we compute 

'^(H"'" (-Me^C),, )Ind§ (x) i<JE ) 

dividing both sides by r, we are reduced to the conjecture A{A4,x)- The proof of 
the second equivalence is similar. □ 

2.2 The arithmetic fixed point formula 

For the sake of completness and in order to fix notations, we shall review in this 
section the arithmetic fixed point formula proved by K. Kohler and the second 
author in Many results will be stated without proof; we refer to Q Sec. 4] 
for more details and further references to the litterature. 

Let D be a regular arithmetic ring, i.e. a regular, excellent, Noetherian integral 
ring, together with a finite set S of injective ring homomorphisms of Z? ^ C, 
which is invariant under complex conjugation. Let /i„ be the diagonalisablc group 
scheme over D associated to the group Z/n. An equivariant arithmetic variety 
f :Y ^ Spec 13 is a regular integral scheme, endowed with a ^n-action over SpecD, 
such that there exists a /i„-equivariant ample line bundle on Y . We write Y{C) for 
the complex manifold U^-g^ ^cr{D) C. The group /i„(C) acts on Y{C) by holo- 
morphic automorphisms and we shall write g for the automorphism corresponding 
to a fixed primitive n-th root of unity C = C(ff)- The subfunctor of fixed points of 
the functor associated to Y is representable and we call the representing scheme 
the fixed point scheme and denote it by y^t,^ . It is regular and there are natural 
isomorphisms of complex manifolds Y^^{C) ~ Y{C)g, where Y{C)g is the set of 
fixed points of Y under the action of g. We write for the map SpecD 
induced by /. Complex conjugation of coefficients induces an antiholomorphic auto- 
morphism of Y{C) and y^^(C), both of which we denote by Foo. We write 2l(y^^) 
for 2i(y(C)g) := 0p^o(aP'P(y(C)g)/(Ima + Im9)), where aP'P(-) denotes the set 
of smooth complex differential forms w of type {p,p) such that F^uj = (—1)^0^. 
A hermitian equivariant sheaf (resp. vector bundle) on y is a coherent sheaf (resp. 
a vector bundle) E on Y, assumed locally free on Y{C), endowed with a /i„-action 
which lifts the action of /i„ on Y and a hermitian metric h on Ec , the bundle asso- 
ciated to E on the complex points, which is invariant under Fac and /i„. We shall 
write {E, h) or E for an hermitian equivariant sheaf (resp. vector bundle). There is 
a natural (Z/n)-grading E\yi^^ — Okez/nEk on the restriction of E to Y^^, whose 
terms are orthogonal, because of the invariance of the metric. We write Ek for the 
fc-th term {k G Z/n), endowed with the induced metric. We shall also write E^q 
for (Skeiz/n)\{o}Ek- _ 

We write chg{E) := X]fcGZ/n C(ff)''ch(i5f;) for the equivariant Chern character form 
chg{Ec, h) associated to the restriction of {Ec,h) to y^^(C). Recall also that 

Tdg(E) is the differential form Td(l^o) ( Ez;^o(-l)*cIis(A'(^5^o))) ^ If £ : ^ 
E' ^ E ^ E" ^ is an exact sequence of equivariant sheaves (resp. vector bun- 
dles), we shall write £ for the sequence £ together with /i„(C) and Foo-invariant 
hermitian metrics on i?^, Ec and E'^. To £ and chg is associated an equiv- 
ariant Bott-Chern secondary class chg{£) e 2l(y^„), which satisfies the equation 

||ch,(£) = Chg(E') + Chg(E") - Chg(E). 
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Definition 2.4. The arithmetic equivariant Grothendieck group Kq" (Y) (resp. 
Kq'^{Y)) of Y is the free abelian group generated by the elements of %{Y^^) and 
by the equivariant isometry classes of hermitian equivariant sheaves (resp. vector 
bundles), together with the relations 

(i) for every exact sequence £ as above, chg{£) = E — E + E ; 



(ii) ifrjE ^{Y^^) is the sum in 2l(yp^) of two elements rj' and rj" , then rj — r]' + r] 



K^" (Y) (resp. K^"{Y)). 



We shall now define a product on Kq" (Y) (resp. Kq"{Y)). Let V, V be hermitian 
equivariant sheaves (resp. vector bundles) and let 77,77' be elements of 2l(Y'p„). 
We define a product • on the generators of ifp" (Y) (resp. Kq"{Y)) by the rules 
V -V := V ®V , V ■ rj — rj ■ V :— chg(V) A 77 and 7/ • 77' := ^rj A 77' and we extend it 
by linearity. This product is compatible with the relations defining ifp" (Y) (resp. 
Kq"{Y)) and defines a commutative ring structure on Kq"^ (Y) (resp. Kq"{Y)). 
Suppose now that / is proper. Fix a Foo-invariant Kahler metric on ^(C), with 
Kahlcr form LUy and suppose that /i„(C) acts by isometrics with respect to this 
Kahlcr metric. Let E := {E, h) be an equivariant hermitian sheaf on Y. We write 
Tg{E) for the equivariant analytic torsion Tg{Ec,h) G C of {Ec,h) over ^(C); 



see Sec. 2] or subsection 2.3 for the definition. Let f : Y SpccD be the 
structure morphism. We let R'^f^.E be the z-th direct image sheaf of E endowed 
with its natural equivariant structure and L^-metric (see Par. 1.1, p. 22] for 
the definition of the latter). We also write W{Y,E) for R'f^E and R f^E for 
the hnear combination X]t>o(^-'^)*-^^/'*-^■ ^'^^ '= ^0^^i,^) ^^^^ consider the rule 
which associates the element R f^E — Tg{E) of Kg" (D) to E and the element 
Jy^^^Jdg{TY)r,eKi;"'{D) to 77. 

Proposition 2.5. The above rule descends to a well defined group homomorphism 
f.:k^"\Y)^ki;-\D). 

One can show that Kq" (D) is isomorphic to Kq" {D) via the natural map so that 
by composition the last proposition yields a map Kq"{Y) Kq"{D), which we 
shall also call 

Finally, to formulate the fixed point theorem, we define the homomorphism p : 
^o"(^) ~^ kl}''{Yi^^), which is obtained by restricting all the involved objects 
from Y to Y^^. If i5 is a hermitian vector bundle on Y, we write X-i{E) :— 

Efio e ^o"(^)> where A''(E) is the fc-th exterior j)ower of en- 
dowed with its natural hermitian and equivariant structure. If E is the orthog- 
onal direct sum of two hermitian equivariant vector bundles E and E , then 
X-i{E) = X-i{E ) ■ X-i{E ). Let R{pLn) be the Grothendieck group of finitely gen- 
erated projective /i„-comodules over D. There are natural isomorphisms i?(/x„) ~ 
KQ{D)[7,/n] ~ Ko{D)[T]/{l - T"). Let 7 be the /i„-comodule whose term of de- 
gree 1 is _D endowed with the trivial metric and whose other terms are 0. We make 
i^Q " {D) an i?(/i„ )-algebra under the ring morphism which sends T to /. In the next 
theorem, which is the arithmetic fixed point formula, let TZ be any i?(/^„)-algebra 
such that the elements 1 — T^ (k = 1, . . . ,n — \) are invertiblc in TZ. The algebra 
which is minimal with respect to this property is the ring R{^n){i-T>'}h=i „-i' 
the localization of i?(/i„) at the multiplicative subset generated by the elements 

{l-T^}k=l,...,n-l- 

Let now 6* G R. For all s G C such that 3fi(s) > 1 we define Lerch's partial C- 
functions C,{9,s) := Y.n>i and 77(6*, s) := Y^n^i ""i"^^ : and using analytic 
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continuation, we extend them to meromorphic functions of s over C. Let R(9,t) be 
the formal power series 

n^l, n odd i — 1 n^O, n even i— 1 

We shall need R{0, (•)) which is the unique additive characteristic class on holomor- 
phic vector bundles such that R{6,L) ~ R{9,ci{L)) for each line bundle L. Let V 
be a /i„-equivariant vector bundle on Y; we define 

rk(l^) 

RgiV) ^(arg(C(5)'),^fc)- 
fe=i 

In the next theorem, we consider that the values of Rg lie in 

Theorem 2.6. Let Ny/y be the normal bundle ofY^^ in Y , endowed with its quo- 
tient equivariant structure and quotient metric structure (which is Foo- invariant). 

(i) The element A := A_i(iVy/y^ ) has an inverse in Kq" {Y^^) ®r(^^) TZ; 

(ii) let Afl := A ■ (1 + Rg{NY/Y^J); the diagranf\ 

commutes. 



The proof of this theorem is the object of ||T^, it combines the deformation to the 
normal cone technique with deep results of Bismut on the behaviour of equivariant 
analytic torsion under immersions ||^. 

2.3 The equivariant analytic torsion and the L^-metric of the 
Dolbeault complex 

In this subsection, we shall prove the vanishing of the equivariant analytic torsion 
for the Dolbeault complex. Before doing so, we shall review some results on the po- 
larisation induced by an ample line bundle on the singular cohomology of a complex 
manifold. 

So let M be a complex projective manifold of dimension d and L be an ample line 
bundle on M. Let us denote hy uj E H'^{M,C) the first Chern class of L and for 
k ^ d, let us note P^{M, C) C H'^{M, C) the primitive cohomology associated to w; 
this is a Hodge substructure of H''{M, C). Recall that for any fc ^ 0, the primitive 
decomposition theorem establishes an isomorphism 

H'^iM, C) ~ ©.^„,ax(fc-d,o) A P''-^'-{M, C). 

Define the cohomological star operator * : H^{M, C) H'^'^^^{M, C) by the rule 
*w'^A^ := iP-g(-l)(P+g)(P+g+i)/2 ^^_^^!^_^^, cj'^-p-'?-'^A0) if (/) is a primitive element 



Note that a misprint found its way into the statement O, Th. 4.4] (= Th. 2.6). In Th. 



4.4] the term A ■ (1 — Rg{NY/Y^ )) has to be replaced by A"l + Rg{NY/Yfj_ )) in the expression 
for An- 
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of Hodge pure type (p, q) and extend it by additivity. We can now define a hermitian 
metric on H^{M, C) by the formula 

J M 

for any j^, 77 £ H^{M^C). This metric is sometimes called the Hodge metric. The 
next lemma follows from the definition of the L^-metric, Hodge's theorem on the 
representability of cohomology classes by harmonic forms and the Hodge-Kahler 
identities. 

Lemma 2.7. Endow M with a Kdhler metric whose Kdhler form represents the 
cohomology class of to and equip the bundles AP{flM) with the corresponding met- 
rics. Endow (Bp+q=k HiiAPiflM)) with the L'^ -metric and H^{M, C) with the Hodge 
metric. The Hodge-de Rham isomorphism H^{M^C) ~ ©p+g=fciJ'(A^(OM)) is an 
isometry. 

Suppose now that M is a complex compact Kahler manifold endowed with a unitary 
automorphism g, and let i? be a hermitian holomorphic vector bundle on AI which 
is equipped with a unitary lifting of the action of g. Let be the differential 

operator (S + d*f acting on the C°°-sections of the bundle A«r*(°'i)M ® E. This 
space of sections is equipped with the L^-metric and the operator is symmetric 
for that metric; we let Sp(n^) C R be the set of eigenvalues of (which is discrete 
and bounded from below) and we let Eig^(A) be the eigenspace associated to an 
eigenvalue A (which is finite-dimensional). Define 

Z(E,.g,s):=5](-l)'+ig ^ Tr(5* |Eig-(A))A-^ 
9^1 Aesp(nf)\{0} 

for 5R(s) sufficiently large. The function Z{E,g, s) has a meromorphic continuation 
to the whole plane, which is holomorphic around (see p^). By definition, the 
equivariant analytic torsion of E is given by Tg{E) := Z'{E, g,0). 
The non-equivariant analog of the following lemma (whose proof is similar) can be 
found in 

Lemma 2.8. Let M be a complex compact Kdhler manifold and let g be a unitary 
automorphism of M . The identity 

^(-i)pr,(AP(f7M)) = 

holds. 

Proof: Recall the Hodge decomposition (see Chap. IV, no. 3, Cor. 2]) 

AP''^{M) = 7^P'«(M) © d{AP-^-^M)) ® d^AP+^'^M)) 

where W'*(M) are the harmonic forms for the usual Kodaira-Laplace operator 
Dq = {d + d* f = (d + d*y and Ap-i{M) is the space of -differential forms 
of type {p,q) on M. Let us write AfiM) for a(AP-i'«(M)) and A^'\M) for 
5*(AP+i'«(M)). The map aU50(j\/)) is an injection and its image is Af+^''^(M). 
Notice also that the operator Dq commutes with d and d*. Notice as well that the 
C°°-sections of A9r*(0'i)M (g) AP(f)M) correspond to the space AP'1{M) and that 
□f = Dq\AP.,. For A e R^ we write = Ker(nf - A), L^;^^ = X^'«nAf « 
and = LP;" n A^'". We compute 

^(-l)^'Tr(5*L...) - Y.(-^)'l^'(9*\Ll-)+Ti-{g*\i^.^.)] = 
and from this, we conclude that J2p>oi~^y^i-^^i^M),g,s) = 0. □ 
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2.4 An invariant of equivariant arithmetic i^g-theory 

From now on, we restrict ourselves to the case D = Qo, where Qq C is a number 
field embedded in C, and we fix a primitive n-th root of unity C, := e^'^*/". We use 
this choice to identify the set /i„(C) ^ of primitive n-ih roots of unity with the Galois 
group G := Gal(Q(/^„)/Q) = Hom(Q(^„), C). The ring morphism i?(/Lt„) Qi^^n) 
which sends the generator T on C makes Q{nn) an i?(/i„)-algebra and allows us to 
take TZ :— Q(/i„). We let CH((5o) be the arithmetic Chow ring of Qq with the set 
of embeddings S {io, to}, in the sense of Gillet-Soule (see g). There is a natural 
isomorphism CH((5o) — Z® R/ log IQq | and a ring isomorphism Ko{Qo) — CH((5o) 
given by the arithmetic Chern character ch (see the ring Kq^Qq) being defined 
similarly to the ring Kq^ (Qo), with W'P{-) replaced by the space 2t^^(-) of real (not 
complex) differential forms of type {p,p)- The ring structure on Z © R/ log \Qq \ is 
given by the formula (r © x) ■ (r' © a;') := {r ■ r' ,r ■ x' + r' ■ x). On generators of 
Kq{Qo), the arithmetic Chern character is defined as follows: For V a hermitian 
vector bundle on SpecQoj the arithmetic Chern character ch(T^) is the element 
rk(F)ffi(— log ||s|p), where s is a non- vanishing section ofdet(V) and ||-|| is the norm 
on det(y)c induced by the metric on Vc- For an element ?/ £ 2lR(Spec(5o) — 
the arithmetic Chern character ch(?7) is the element © ^rj. 

Let now Hq be the additive subgroup of C generated by the elements z-\og jgoj where 
qo e Qq and z e Q(/in)- We define CHq(^^)(Qo) ■— Qi^J■n) © C/Ho and we define 
a ring structure on CHq(^^)(Qo) by the rule (z, x) ■ {z', x') :— {z ■ z' ,z ■ x' + z' ■ x). 
Notice that there is a natural ring morphism ip : CH((3o) — * CHq(-^^) (Qq) and that 
there is a natural Q(/i„)-module structure on CHq(^,^^)((5o)- Define a rule which 
associates elements of CHq(^^-)(Qo) to generators of Kq"'{Qq) as follows. Associate 
the element C,^ ■ '4>{ch.{V)) to a /i„-equivariant hermitian vector bundle V of pure 
degree k (for the natural (Z/n)-grading) on SpecQo; furthermore associate the 
element © ^77 to 77 £ a(Spec Qo) - C. 

Lemma 2.9. The above rule extends to a morphism of R{fj,n) -modules ch^^ : 

ifo^"(go)^CHQ(^„)(Qo). 

Proof: Let 

V : ^V" ^0 

be a an exact sequence of /i„-equivariant vector bundles (/i„-comodules) over Qo- 
We endow the members of V with (conjugation invariant) hermitian metrics h' , h 
and h" respectively, such that the pieces of the various gradings are orthogonal. 
The equality 

chc(V)= Yl C'MVk) 

keZ/n 

holds (see ||l^, Th. 3.4, Par. 3.3]). From this and the weU-definedness of the 
arithmetic Chern character, the result follows. □ 

We shall write for the second component of ch^^^ , i.e. the component lying in 
C/Ko. 

Lemma 2.10. Let V be a hermitian fin- equivariant vector bundle on SpecQo- The 

equation 

Yl (i-c')-'-'^^^'^c\„(A-i(F)) = i©(- Y^^K"^')) (1) 

lelj/n iez/n 

holds. 
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Proof: We shall make use of the canonical isomorphism 
det(A'=(VF)) ~ det(W^)® T^^^W^ 

valid for any vector space W of rank r over a field and any 1 ^ fc ^ r, and 
constructed as follows: For any basis bi, . . . ,br of W, the element 



of det(A'^(W^)) is sent on the element 



(r-fc)!(fc-l)! 

(g) (&1 A • • • A 6,) 

of det(W^) <''-'=)'('°-i)' . This isomorphism is by construction invariant under base 
change to a field extension. Furthermore, if one applies the above description to 
the orthonormal basis of a vector space over C endowed with a hermitian metric, 
one find that this isomorphism is also an isometry for the natural metrics on both 
sides. Thus, for any hermitian vector bundle W over SpecQoi the isomorphism of 
vector bundles 

det(A'=(W)) ~ det(1^)®F=W^ 

is an isometry. Using the definition of the ring structure of CHq(^^)((3o) and the 
fact that chp^(A_i(y 0y')) = ch^,^ (A„i (V)) • ch^^ (A_i (y')) for any two hermitian 
equivariant vector bundles over Qo, we see that as functions of V, both sides of the 
equality in are multiplicative for direct sums of hermitian vector bundles. We 
are thus reduced to prove the equality 

for all I G Z/n. Let ri := rk(Vi) and let us write Ci(-) for ch' '(•); we compute 



cV(A_i(yO) = X^(-l)^C''ch(A^yO) 

.,kMk (n-l)! 



k=Q 



Using the binomial formula, we see that the last expression can be rewritten as 

(i-c'r©(-c'(i-c'r-')ci(v^i) 

and the result follows. □ 

3 Proof of Theorems 1 and 2 
3.1 Two lemmas 

For z belonging to the unit circle Si, we define the Lerch's C- function Ci(z,s) := 
J2k>i W ^'-"^ s £ C such that 5R(s) > 1, and using analytic continuation, we extend 
it to a meromorphic function of s over C. 
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Lemma 3.1. Let Y he a scheme smooth over C and let E be a vector bundle on 
Y together with an automorphism g : E E of finite order ( which leaves the 
zero-section fixed). Let k be the class 



The equality 



holds. 



K Td(£:o 



Ep^o(-irp-ch,(Ani?^)) 

E,^o(-l)^ch,(Ap(£;vj) ■ 

:*°p(£;o)5]CL(^,-0chW(i?r) 



Proof: According to the splitting principle, we may suppose that E is an equivari- 
ant direct sum of r := rk(£') line bundles Fi on which g acts by multiplication with 
the eigenvalue a^^ G Si. If we set 7^ := ci(i^/) for all i, we can write 



If we take the formal derivative (for t) of the identity 



+7., 



i=l 



l^ii<-<jpSCr 



set t = 1 and apply (0), we obtain 



^(-i)^'p • ch,(AP(i?^)) = - n(i - E T 



Notice now that we can write 



i=l 



3 = i 



Hi! - a.e^O = n (1 - "»^"") n (1 - ^"') 

1=1 OiT^l ai = l 

c*°P(£;o) 
Td(So) 



= 5](-lf ch,(A^'(£;^o)) 



this together with (0) shows that 



Furthermore, notice that for any function f{x) and any fc e N, we have 
and (for x ^ 1) 



and as well 



CL(a;, -k) = 



CL(a:,0) 



CL(a^,0) 



1-x 



(2) 



(3) 



(4) 
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we deduce that (for a ^ 1) 



= (5) 
When a = 1, we have the the classical expansion 

Using in the formula just above or the formula according to whether aj is 
equal to 1 or not, we find that for allZ ^ 

zG5i\{l} 

which, noting that Cl(1, —0 — Cq(~Oi concludes the proof. □ 
Caution. In what follows, in contradiction with classical usage and with the Intro- 
duction to this article, the notation L{x, s) will always refer to the non-primitive 
L-function associated with a Dirichlet character x- We shall write Xprim for the 
primitive character associated with x and accordingly write L(xpi.i„i, s) for the as- 
sociated primitive i-function. 

The following lemma, proved in jlj. Lemma 5.2, Sec. 5], establishes the link between 
Lerch ('-functions and Dirichlet L- functions. It follows from the functional equation 
of Dirichlet L-functions when the character is primitive. 

Lemma 3.2. Let x be an odd character of G = Gal(Q(/x„)/Q). The equality 
holds for all s £ C. 

If X is a character of G, we shall write t(x) := X^asG '^(C)x(o') for the Gauss sum 
associated to x- Recall that if x is primitive (i.e. not induced from a subfield Q{fJ,m) 
with m < n) the following equation holds (see ||l^. Lemma 4.7, p. 36]) 

E^(C')X('^)=^(X)X(0 (6) 

creG 

where we used the identification G ~ (Z/n)^ via the choice ( = e^'^^l'^ to give 
meaning to x(0- 

3.2 Computations 

The notations of the sections |l| and ||, and the conventions of the subsection 2.4 are 
still in force. If N'^ is a subgroup of and z, z' e C, we shall write z ~jvx z' if 
z = \ - z' with \ £ . Recall that f : X ^ SpecQo is a smooth and projective 
variety acted upon by g an automorphism of order n (defined over Qo)- Suppose 
that Qo contains Q(/i„). Let L be a (7-equivariant ample line bundle over X and 
endow X{C) with a Kahler metric whose Kahler form represents the first Chern 
class of L. We will denote by fl the sheaf of differentials of / equipped with the 
induced metric. 

We shall now prove Theorems 1 and 2. To do so, we first apply the arithmetic fixed 



point formula (Theorem 2_^) to the Dolbeault complex A_i(ri). 
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/4A-i(r!)) =T<,(A_i(r!)) 

R,{TX)Td,{TX)ch,iX.^{n)) + ftiXZl(N^x/xJ>^Mpm) 



r,(A_i(n)) - / i?,(TX)Td(TXg)ch(A_i(rX,^)) + /r"(A_i(n(/'^"))) 

X(C) 



= r,(A_i(i7))- / i?g(TX)c*°p(rx,) + /i'"(A_i(f7(r"))) 

JX(C)g 

Applying c^^(-) to both sides of the last equality, we obtain 



c^\(/.(A_i(f7)))=r,(A_i(f7)) 

1 

~ 2 



X(C)<, 



We deduce from lemma l.i that Tg(A_i(r2)) = 0. The following lemma shows that 
the third term in (Q) likewise vanishes: 

Lemma 3.3. The equality d^^{f!^" {X^i{n{f^'^^)))) = holds. 

Proof: Let be the relative dimension of X^j^^ over SpecQo- The expression 
(/i*" (A_i(ri(/^")))) can be subdivided into a linear combination of terms of the 
following kind: 

ji?vr" (AP(n(r")))) + (i?''-- V*''" (A-^^-^inir" )))) 

By Serre duality, the spaces i?"?/*^" (Ap(17(/'^" ))) and i?''''-'?/^ " (A'^^-P(r2(/^"))) 
are dual to each other, and even more, this duality is a duality of hermitian vector 
bundles (for the last statement, see |^). Hence, from the definition of c^^, it follows 

that d^jR''f^"{AP{n{ft'")))) = -?^\(i?'^^'-V*^"(A'^^'"P(f^(/''")))) which permits 
us to conclude. □ 

We shall write Hmh{X) for Huih{X) equipped with its natural L^-metric. From 
the preceding discussion and we are lead to the equality 

^(-l)'=c^\(HS,b(A)) = -i / R,iTXy°^{TX,) (8) 

We shall now show that (^) implies Theorems 1 and 2. To do so, we will use 
lemma to express derivatives of Lcrch functions occuring in Rg(TX) in terms 
of derivatives of Dirichlet L- functions, and then lemma 3.1 to give a global (coho- 
mological) expression for the right side of (||). 

Proof of Theorem 1. We compute 
and 
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1^0 

r(x)E(-l)'E^^M„«bW/) 
-r(x) / 0) ^ x(0 rk(rXOc*°P(TX,) 

JX(C)n 



which is the result. For the first equality in the last string of equalities, we have 
used (||); for the second one, we have used (||) and applied (^) to the definition 
of Lerch's partial ^-functions; for the third one, we used lemma |3.l|; for the last 
equality, we have applied the holomorphic Lefschetz trace formula |10|, 3.4, p. 422] 

to the virtual vector bundle 1-^1 + 2- + (- i)dim(X) dini(X) • A'l""^^) {Vl) . 

To conclude the proof, we still need the following lemma. Write := X{X,g). 

Lemma 3.4. Let a £ Hom(Q(/i„), C). If uja G dctc -ff (A^, C)cr is non-zero 
and defined over Qq for the de Rham Qo-structure of H{A4,C), then the equal- 
ity \Pcr{M)\'^ ""iQo I I'^'^li^^ holds. 

Proof: Let z be a complex number such that z ■ uJa- is defined over the singular 
Qo-structure of detc H{M, C)„. Since z-cOcr is of pure Hodge type, the construction 
of the Hodge metric and lemma 2.7 shows that the number \z ■ uja-\]^2 lies in \Qq\ 
and from this we can conclude. □ 

Proof of Theorem 2. By class- field theory and proposition |2.3| , we are reduced 
to the case Q = Q(/j,„). We may thus suppose that X is an abelian variety A with 
(not necessarily maximal) complex multiplication by Oq(^„). Let V := H^^^^A). 
By the usual Lefschetz trace formula, the number of fixed points on A{C) of the 
automorphism corresponding to C S ^Q(m>0 n;ez/n(l ~ ('■y^^^'^ and therefore 
we get, using (||) and lemma 2.1C 

-Et^^m\("^0 - -Ir^TAIo) = -i^2z(a/95)r;(arg(C'),0)rk((rA|„)|0. 
; ^ I 

We shall write TAi for (TA\o)i. Now notice that Im . _ = 77(arg (C'),0) and thus 
2^r;(C',0)?^ijnO = ^(a/as)r;(arg(C'),0)rk(TAO. 

Next we take the Fourier transform of both sides of the last equality for the action 
of G = Gal(Q(/i„)/Q). We get: 

-2 vMaiCY), 0)x(a)]?^„ m = EtE (9/9s)r?(arg(a(C)'), 0)x(a)]rk(f70 

/ (tGG I aeG 

and changing variables 



- 2[^ r7(arg(a(C)),O)x(a)]^x(Oc^i„(f70 

= (a/as)r/(arg(a(C)), O)x(a)] ^ x{l)M^i). 



(TGG 



crGG 
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We now calculate, using lemma 3.2 
E.6G(5/^*)'7(arg(^(C)),0)x(a)] 



E<.eG^(arg(a(C)),0)x(a)] 
= - log(n 



1 r'(i) 



log(n) 



2^r(i) 
1 r(i) 
2^r(i) 



8v ) 2^r(i) 



r(i/2). 
r(i/2) ' 

r(i/2). 
r(i/2) ' 

L'Cy • 



+ log(7r) 



L'{x,l) 



+ log(7r) 

1) Xprim(p) 



^(Xprimj 1) 

r'(i/2), , 



E 

p\n 



P-Xprim{p) 



\og{p) 



r(i/2) 
r'(i) , ^'(xpr 



2tt 

log(7r) -log(— ) 
Jx 



-0) 



= log(^) 



^(Xprim'O) 



r(l) L(Xprim,0) 
Xprim(p) 



E 



E 

p\n 



P-Xprim(p) 



log(p). 



Xprim ip) 

P- Xprim (p) 



log(p) 



Together with lemma 3.4, this allows us to conclude. We used the functional equa- 
tion of primitive Dirichlet L-functions for the third equality. □ 



4 The period conjecture of Gross-Deligne 

In this section, we shall indicate the consequences of Theorem 1 and Theorem 2 
for the period conjecture of Gross-Deligne |0, Sec. 4, p. 205]. We first recall the 
latter conjecture. Let Q be a finite abelian extension of Q and let iJ be a rational 
and homogenous Hodge structure of dimension [Q : Q]. Suppose that there is 
a morphism of rings i : Q ^ End(_ff) (in other words, H has maximal complex 
multiplication by Q). Suppose also that H is embedded in the singular cohomology 
H{X, Q) of a variety X defined over Q. We let /q be the conductor of Q and we 
choose an embedding of Q in Q(/i/Q) (this is possible by class- field theory). Choose 
an embedding ip : Q ^ C and an isomorphism Gal(Q(/i/Q)/Q) ~ (Z//q)^. There 
is a natural map Gal(Q(^/Q)/Q) Hom((3, C) given for each a e Gal(Q(/^/Q)/Q) 
by 93oct|q, and we thus obtain a map (Z//q)^ ^Hom((5,C). For each uG {Z/fq)^ 
let uj^ G H^qC be a non- vanishing element affording the embedding corresponding 
to u and defined over Q for the de Rham Q-structure of H{X, C) (such an element 
is well-defined up to multiplication by a non-zero algebraic number). We attach to 
u!^ a period Per(ci;^) := v{u!^) where v G iJ^ is any (non-zero) element of the dual 
of the Q-vector space H. The number Per((jj^) is independent of the choices of v 
and lli^ , up to multiplication by a non-zero algebraic number, and only depends on 
u and H. In the notation of the beginning of the Introduction, with Qo = Q, we 
have Per(u;^) = l/P„(iJ) (where we identify u with the corresponding embedding 
of Q after the equality sign). Let {p{u),q{u)) be the Hodge type of uj^ . By 
Lemme 6.12], there exists a (non- unique) function : Z/fq Q which satisfies 
the equation 

Piu)^ ^ e^(a)[u-a//Q] 

for all u £ (Z/fq)^. Here [•] takes the fractional part. The following conjecture 
is formulated by Gross in |Tl|, p. 205]; he indicates that the precise form of it was 
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suggested to him by Deligne. This conjecture is related by DeUgne to his conjecture 
on motives of rank 1 in 8.9, p. 338]. 

Period conjecture. Let u G (Z//q)^. The relations 



|Per(c.f)|^QX n r(l-f)^"W«) (i) 
PerKf ) |Per(a;f )| (ii) 

hold. 

The relations (i) and (ii) can of course be condensed in the single relation Per(ti;^) ~q 

aeZ/fQ^\^ fQ> \ _ _ 

One can show that the period conjecture is independent of the choice of the function 

(see the appendix by Koblitz and Ogus to g). 
We let r be the algebraic extension of Q generated by the numbers 

n r(i-^r('^/"), 

where 7 runs on all the functions Z//q Q satisfying the equation 

^ 7(a)["-«//Q]=0 

aeZ//Q 

foraU?/e (Z//Q)^ _ 
Suppose now that Q = Q(/ip) for a prime number p and let Qo ^ Q be a field 
of definition of X containing Q and Fp. Suppose that H inherits the de Rham 
Qo-structure of H{X, C) and that its Q- vector space structure is compatible with 
that Qo-structure. Suppose furthermore that all the are defined over Qq (for 
the de Rham Qo-structure) and that Per(a;^) p^j.fljU for all u. 

If X is an Artin character, we define Q(x) as the field generated over Q by the 
values of x- We denote by E the conipositum in C of the field Q(/ip) and of the 
fields Q(x) for all the odd Artin characters x of Q(/ip), and we let i?+ -.^ E CiH. 

Lemma 4.1. If the conjecture Ji{H,E,x) holds for all the odd Artin characters x 
of Q ^ Qip-p), then the identity 

log|Per(a;f)l=log| r(l - -r"^'^/")! + 6„,aog |a„,.| 

aeZ/p ^ i 

holds for all u. Here h^ i G E'^ , a^.i G Qo '^^'^ * runs over a finite set of indices. 
Proof: We can plainly assume that e^(0) — 0. We write 

^(log |Per(c.f )| - log \auA)x{u) = ^(") E " a/p))e{alu) 

u i u a 

= Y l°g(r(l - "Z^')) E X{u)e{a/u) = J2 - a/p)xia) J2 xiu)eil/u). 

a u a u 

Now by the definition of e 

J2x{u)p{u) = J2^a/p]Y,xiu)eia/u) = (^ x(a)Kp])(^ 
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and thus 



^(log iPerKf )| - J2 KMu) - (E l°g(r(l - a/p))x{a))^^^^^^^Pj^ 



By Hurwitz's formula, this equals 



which is the result. □ 

Suppose moreover that X is acted upon by an automorphism g (defined over Qo) 
of order p, and let dt ■= dimg(i?'^(A'(f;), Q)) for any fc > 0. Arising from the 
Kiinneth isomorphism H{Xj^^X,Cl) ~ Q) and lemma 2.1, there is a 

natural embedding of Hodge structures detQ{H'^{X{g), Q)) ^ iJ(x^^-^X, Q) which 
respects the de Rham Qo-structures. 



The next two results follow from Theorem 1 and lemma 4.1 



Corollary 4.2. Suppose that there is at most one k such that ^ k ^ dim(X) 
and dk ^ 0. The natural embedding of Hodge structures detQ{H*'{X{g)^Cl)) ^ 
_ff(x^^j^X, Q) satisfies the hypothesis of the period conjecture and the identity 

log|Per(..r''(^'~^^(^^''^»)l =log| n r(l-^)^^^''^'"^'"*^'-''»W")|+^5„,log|a„,| 

holds for all u, where b^s G , a^s G Qa and i runs over a finite set of indices. 

Notice that in particular the last corollary applies if X is a hypersurface of a pro- 
jective space which carries an automorphism extending g. 

Corollary 4.3. If X is a surface, the natural embedding of Hodge structures detQ(H^{X{g), Q)) 
H{x'^^^X,Q) satisfies the hypothesis of the period conjecture and the identity 

log|Per(c.r''^^^<''^^^''^»)l =log| n r(l--)^'^'«'"''''^''''"(«/")|+5:6„,log|a„,| 

aeZ/p ^ i 

holds for all u, where bu.i G , Qua G Qq ^.^d i runs over a finite set of indices. 

Proof: The conjecture B{H^{X{g), Q), E, x) is verified for all the odd Artin char- 
acters X of Q(a^p) because of the existence of the Picard variety and Theorem 2. 
The lemma |4.l| now implies that the conjecture is verified for H^{X(g), Q). □ 

Notice that when p = 3 in either of the last corollaries, the item (i) of the period con- 
jecture holds for the described embedding of Hodge structures (for all u G (Z/p)^), 
since E~^ = Q in that case. 

Remark. The (ii) of the period conjecture seems to be out of the reach of the 
techniques developped in the present paper. 
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